Inter-firm organizations, which play a driving role in the economy of a country, can be represented in the form of a customer-supplier network. Such a network exhibits a scale-free degree distribution, disassortative mixing and a prominent community structure. We analyze a large-scale data set of customer-supplier relationships containing data from one million Japanese firms. Using a directed network framework, we show that the production network exhibits the characteristics listed above. We conduct detailed investigations to characterize the communities in the network. The topology within smaller communities is found to be very close to a tree-like structure but becomes denser as the community size increases. A large fraction (∼ 40%) of firms with relatively small in-or out-degrees have customers or suppliers solely from within their own communities, indicating interactions with a highly local nature. The interaction strengths between communities as measured by the inter-community link weights exhibit a highly heterogeneous distribution. We further present the statistically significant over-expressions of different prefectures and sectors within different communities.
I. INTRODUCTION
At the mesoscopic level, many real-world networks exhibit community structures, i.e., structures consising of groups of nodes that are highly connected among themselves and sparsely linked with the other nodes in the network [1, 2] . These communities are the building blocks of the network and play pivotal roles in its functional activities or dynamic processes. For example, in metabolic networks, the communities represent functional groupings of metabolites based on their pathways [3] , whereas the community structures in air traffic networks represent actual travel patterns [4] . Community structure has diverse applications. It can be used as the basis of an efficient mirror server for better performance on the World Wide Web [5] , in the design of powerful recommendation systems [6] and also to identify the characteristic features of nodes in subnetworks.
Over the past decade, extensive studies have been conducted on algorithms for detecting communities [7, 8] in which the number of communities is not required to be fixed a priori, as in graph partitioning problems [9] . Many algorithms have been proposed for community detection, and two recent popular techniques are based on modularity optimization [10, 11] and the diffusion dynamics in a network [12, 13] . The modularity is the fraction of intra-community links minus the expected fraction given a random distribution. The Newman-Girvan community detection algorithm [10] is a modified divisive clustering technique that finds the best partitioning scheme with the optimal modularity using the edge betweenness of the network as a metric. This algorithm is very effective in detecting communities, but it is numerically expensive and has limited applicability to smallscale networks. Another algorithm [15] , using an agglomerative hierarchical clustering approach with greedy optimization of the modularity, has subsequently been pro-posed for detecting communities in a large-scale network with one million nodes and links. Whereas community detection via modularity maximization is based solely on the topology of the network, another popular technique for community detection known as "Infomap" [12, 13] uses the diffusion dynamics in the network. A simple random walk is used to model the diffusion process or information flow in the network. It is observed that a random walker spends a longer time within certain subunits of a network. These subunits are the communities of the network. Note that the definition of a community in this method is different from that in the modularity maximization method. This technique can capture more complex structures in the network than techniques based solely on the network topology. Initially, Infomap was proposed for identifying the two-level partitioning of a network that minimizes the two-level map equation. Later, the two-level map equation was generalized to the hierarchical map equation, which provides a hierarchical partitioning of a network [14] . Whereas modularitymaximization-based techniques are more applicable to networks that contain links that represent pairwise relationships, Infomap is more suitable for networks with flows between nodes [13] .
Although substantial efforts have been devoted to community detection, only a few studies [16] [17] [18] have characterized the community structure. Here, we characterize the communities in a large-scale production network with one million nodes and links. Like many social and technological networks, a production network exhibits a prominent community structure [19] [20] [21] . A production network represents the interactions between firms. It constitutes the backbone of an economy in the form of capital flows and trading volumes. Each firm buys intermediate goods from upstream firms for its production, and thus, relationships between firms develop through customer-supplier connections. The typical topological characteristics of a production network include a scalefree degree distribution, a small-world nature and disassortative mixing [19, 22] . Previous studies on Japanese production networks based on modularity maximization have shown that the subcommunities are characterized by geographical regions and sectors [20, 21] . It has also been observed that directed and undirected versions of the same network yield more or less similar results. Because the links in a production network represent the flow of capital from one firm to another, it is more appropriate to use the Infomap algorithm for community detection. Moreover, a rigorous, statistically significant characterization of the communities in production networks is still lacking.
In this paper, we analyze nationwide inter-firm relationship data from Japan. This data set contains data representing one million firms and their customersupplier relationships. We construct a directed network in which firms are represented by nodes and directed links are present from each supplier firm to its customers. We calculate the standard structural metrics of the network to capture the global properties of the system. By employing the Infomap algorithm, we reveal the commu-nity structure of the production network. The community structure of the directed network of these firms is found to be distinctly different from that of its undirected counterpart. The topological features within and among communities indicate a non-trivial local structure of the network. By defining a weighted directed coarse-grained network in which the nodes represent the identified communities and the numbers of customer-supplier relationships between communities are treated as link weights, we observe a high heterogeneity of the inter-community interactions. Furthermore, in this study, we propose a deeper characterization of the properties of the communities (prefectures and sectors) derived using a rigorous statistical procedure, as prescribed in [17] .
II. DATA
Our data comprise N o = 1, 247, 521 firms and L o = 5, 488, 484 distinct links representing customer-supplier relationships between firms throughout Japan for the year 2016. The data set is commercially available from Tokyo Shoko Research (TSR), Inc., one of the leading credit research agencies in Japan. TSR collects firms' credit information through investigations of financial statements and corporate documents as well as through oral surveys at branch offices located across the country. The data set contains the precise geographic locations and sectorwise classifications of the firms.
We use a prefecture-based division of all regions to analyze our data. All 47 prefectures are listed in Appendix A. To see whether the sectors to which different firms belong play any role in community formation, we use the Japan Standard Industrial Classification [23], which divides all of the firms into 98 major groups. All 98 major sectors are listed in Appendix B.
III. RESULTS
We reveal the detailed topological features of the Japanese production network. To define the network, each firm is treated as a node, and a directed link of the form A → B indicates that A is a supplier firm for firm B. The structure of the production network exhibits a number of empirical patterns, which we present in the following subsections.
A. Structural properties of the production network
The links in the production network are directed in nature, which allows us to characterize the nodes in terms of their in-and out-degrees. The in-degree and out-degree of a node represent its numbers of suppliers and customers, respectively. We observe that both the in-degree and out-degree distributions have a heavy-tailed nature, as shown in Fig. 1 (a-b); the best fits of these distributions to a power-law decay have a functional form of P (k in/out ) ∼ k −γ in/out , with γ in = 2.37 and γ out = 2.21. It is also observed that the in-and out-degrees of the nodes are positively correlated. Our results reflect the scale-free nature of the production network, with a large number of firms with few suppliers or customers and a smaller number of firms with many suppliers or customers.
We further investigate the cliqueness among neighbors and the mixing properties of the network considering undirected links. The cliqueness among the neighbors of a node is measured by the clustering coefficient, which is also a measure of the three-point correlations among neighboring nodes. As seen from Fig. 1 (c) , the clustering coefficients C(k) for the production network decay with k following a power law, with the form C(k) ≃ k −β with β = 0.88, implying the presence of a hierarchical structure in the network. The mixing patterns of the nodes are measured by the average degree k n n(k) of an arbitrary neighbor of a node of degree k. Fig. 1 (d) shows that k nn (k) decreases following a power law as k increases, with the form k nn (k) ≃ k −ν with ν = 0.58, indicating a disassortative nature of the network; i.e., nodes of higher degrees are connected to nodes of lower degrees. This finding reflects the fact that large firms are generally connected with small firms.
The component size distribution is another important property of the network. The component size is defined as the number of nodes in a subnetwork in which at least one path exists between any arbitrary pair of nodes. It is observed that 99% of the nodes are contained within the largest weakly connected component of the network, whereas the sizes of the other components are very small, as shown in Fig. 2 . More precisely, the largest weakly connected component contains N = 1, 234, 687 nodes and L = 5, 481, 403 links.
B. Community structure of the production network Although the structural properties discussed above are important for obtaining a general understanding of the system, a complex network such as this one also exhibits a far more complex pattern, namely, a community structure. We perform a community detection analysis on the largest weakly connected component of the production network, considering directed links. We use the hierarchical map equation [14] to discover the community structure because this method is very efficient for largescale complex networks and is also applicable to directed networks. In this procedure, a random walker is used as a proxy for capital flows between firms in the production network, and the algorithm identifies the best hierarchical partitioning with the shortest average per-step description length (code length) for the random walker.
The analysis of the empirical production network reveals 311 communities and 8054 inter-community links at the top community level with a code length of 12.925. To determine the statistical significance of our result, we compare it with the result obtained from an identical analysis of a 'null model', which is a maximally random network with the same nodal degree values {k in (i)} and {k out (i)}. In stark contrast with the empirical result, the maximally random network is found to contain 62, 917 ± 120 communities and 4, 234, 729±1, 552 inter-community connections with a code length of 14.214 ± 0.005. As seen from Fig. 3 , the community size distributions for the empirical network and the maximally random network are found to be distinctly different in nature. Whereas the empirical network has a broad distribution of community sizes with a wide range of values spanning several orders of magnitude, the maximally random network has a comparatively narrow distribution in which the largest community size is ∼ 1, 000. We further compare the community structure of the directed network of firms with that of its undirected counterpart. In the undirected network, we find only 26 communities with distinct and widely varying sizes (not shown), which is smaller than the number of communities in the directed network. This difference in the community structure findings between the directed and undirected versions of the production network arises because Infomap allows the random walker to move only unidirectionally on directed links but permits two-way movement on undirected links.
Topological features of communities in the production network
We investigate the topological features within each community in the production network. The link density within a community is the ratio of the number of internal links to the maximum possible number of links. The link density ρ within a community of size s can be calculated as ρ = e/s(s − 1), where e is the number of links within the community. The scaled link densityρ within a community is defined asρ = ρs = e/(s − 1). A value ofρ = 1 corresponds to a community with a tree-like structure with unidirectional links, andρ = s corresponds to a complete graph structure, i.e., a structure in which every node is connected to all other nodes in the community. Fig. 4 shows a scatter plot of the scaled link densityρ versus the community size s. It is evident that the network structures within the communities are far from being complete graph structures; indeed, they are very close to an ideal tree-like structure when the community size is small (s < 1000). However, beyond (s > 1000), the scaled link density gradually increases as the community size increases.
Next, we study the fraction of the neighbors of a node that belong to its own community. We find this fraction separately for the in-degree (k intra in /k in ) and out-degree (k intra out /k out ) of the node. The probability distributions for the fraction of suppliers (P (k intra in /k in )) and the fraction of customers (P (k intra out /k out )) of a node that belong to its own community are shown in Fig. 5 . The two distributions are very similar in nature and have a maximum value of 0.4 at k intra in /k in = k intra out /k out = 1, meaning that for 40% of the firms, all suppliers and customers of a firm belong to its own community. We further observe that these firms have very small (< 100) in-or out-degrees. This result reflects the fact that for a large proportion of firms, their interactions are confined within a local region.
An inter-community link indicates that at least one customer-supplier relationship exists between the members of the two linked communities. These links are directed, and the corresponding in-and out-degree distributions exhibit very different behaviors compared with the original network. We also investigate the link weights of the inter-community links, where a link weight is defined based on the total number of customer-supplier relationships between members of the two linked communities. Fig. 6 shows the complementary cumulative distribution function P (w) of the inter-community link weights w, which is heavy-tailed in nature; a powerlaw decay of the functional form P (w) ∼ w −γw +1 with γ w = 2.00 ± 0.10 is obtained for this distribution via maximum likelihood estimation [24] . The distribution of the inter-community link weights indicates highly heterogeneous relationships between the communities in the production network.
Over-expression of node attributes in the production network
Finally, we investigate the over-expression of different prefectures or sectors within a community following the procedure used in [17] . The probability that X randomly selected elements from a cluster C of size N C will have attribute Q is measured by the hypergeometric distribu- The attribute Q is over-expressed within a community if p(N C,Q ) is smaller than some threshold value p c . We must choose p c appropriately to exclude false positives since we are considering a multiple-hypothesis test. We set p c = 0.01/N A , as used in [17] , which is sufficient for Bonferroni correction [25] . In our study, N A denotes the total number of possible attributes and has values of 47 and 98 for the prefectureand sector-based attributes, respectively. Fig. 7 (a) shows the fraction of firms belonging to each prefecture, F gi . The largest proportion of the firms (15.0%) belong to Tokyo, the capital of Japan. Fig. 7 (b) shows the fraction of firms belonging to each sector, F si . The largest proportion of the firms (13.2%) belong to the general construction work sector, which includes both public and private construction work. The over-expression of prefectures and sectors within individual communities consisting of at least 10 firms is visualized in Fig. 8 communities. A brief summary of the over-expression of prefectures and sectors in the ten largest communities is tabulated in table I, and the details are given in Appendix C. Our investigation reveals that the largest community is characterized by the over-expression of manufacturing sectors and urban prefectures. The agriculture, food, and fisheries sectors and rural prefectures are the defining characteristics of the second largest community. The third largest community is characterized by the construction, real estate, and banking sectors and by Osaka and Tokyo and its neighboring prefectures. The fourth largest community is mainly characterized by the manufacturing sectors of textiles, rubber, and leather. Medical and other health services constitute the most distinctive feature of the fifth largest community. Retail trade (machinery and equipment) and automobile maintenance services dominate in the sixth largest community. Hokkaido is the only over-expressed prefecture in the seventh largest community, whereas the eighth largest community is strongly associated with Tokyo. Only three prefectures -Tokyo, Kanagawa, and Osaka -are overexpressed in the ninth community, and three different prefectures -Gifu, Aichi, and Mie -are the distinctive features of the tenth largest community. It is observed that for a given community, its over-expressed sectors are strongly related to its over-expressed prefectures. We also note that even if the extent to which an attribute is present in the system as a whole is very small, it may be over-expressed in a particular community. For example, the banking sector is represented by only 161 banks in our data set, but this sector is over-expressed in the third and ninth communities. We conclude that different communities are characterized by distinct features related to different sectors and prefectures.
IV. CONCLUSION
We have studied a large-scale production network in Japan that exhibits a scale-free degree distribution, hierarchical clustering and disassortative mixing, consistent with previous studies [19, 22] . We have delved deeper into the data using the Infomap technique to detect the communities within the network. This production network contains many communities of highly heterogeneous sizes and with a wide range of values of the link weights between them. The community structures identified in the directed and undirected versions of the network display distinct behaviors. Communities of smaller sizes tend to have tree-like structures, whereas communities of larger sizes have higher link densities. A large fraction (40%) of the firms in the production network have suppliers or customers only from within their own communities. We have also characterized the communities based on the over-expression of geographical locations and sectorial classifications.
Our results suggest several interesting topics for future economic research. In this study, we have characterized the communities only at the top community level. One could generalize the applied technique to characterize the communities at all levels. A bottom-up structural analysis of the Japanese economy would be helpful for better understanding its complexity. Thus, future economic research seeking to understand GDP fluctuations, inflation and monetary stability should evaluate the Japanese economy at the microscopic level. Accordingly, future studies should investigate the roles and risks of the largest firms to yield an understanding of economic shock and driven systemic risk.
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APPENDIX A: GEOGRAPHICAL ATTRIBUTES OF FIRMS
Here we list the 47 prefectures in Japan with their index, that we have used for our study: 
APPENDIX C: DETAIL DESCRIPTIONS OF TEN LARGEST COMMUNITIES
Here we report the details of over-expression of prefectures and sectors in ten largest communities. The pair of values within the parentheses indicate the number of occurrence of the attribute within the community and in the whole system.
• Community rank: 1, size: 233294 Prefecture over-expressions: Gunma
